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Integrability theorems for PDEs: - theorems about local existence
and the “size” of the solution set for an overdetermined system of PDEs.

The “size” of the solution set is the number of arbitrary functions and
constants the general solution depends on.

A more subtle question is about type of data that can be prescribed to
guarantee the uniqueness of the solution.



Examples of the integrability theorems for PDEs:

e Cartan-Kahler theorem — a theorem determining the size of the solution
set of general systems of PDEs and EDSs, but requires analyticity of the
equations and the data.

e Darboux [Lecons sur les systemes orthogonaux et les coordonnées
curvilignes. (1910)] — quite specialized, provides explicit prescription
of data that guarantees uniqueness, requires only Cl-regularity of the
equations and the data.

e PDE version of the Frobenius integrability theorem is a particular case of
the Darboux theorem.

We formulate and prove a generalization of the Darboux theorem.



Darboux Théoreme Il

Chapitre |, Livre lll, Lecons sur les systemes orthogonaux et les coordonnées
curvilignes. (1910).



Consider a system of PDEs:

Oz;ua(x) = ff‘(a:,u(w)), i€ly CH1,...,n},

where
e x = (x1,...,xyn) are independent variables;
e u= (uqy,...,un) are unknown functions;
o o C{1,...,n} determines the set of partial derivatives 9, u. prescribed

by the system for the unknown function wu,.

o [*(x,u) aregiven C'1-functions on some open subset 2 x T C R™ x R™.



Example of Darboux-type system:

e system:
Ooru = f(x,y,u,v)
Ozv = g(x,y,u,v)
v = h(x,y,u,v)

e two unknown functions v and v of (x, vy).
e /1 ={1}and I, = {1,2}.

e f,g,h aregiven Cl-functions of (z,y, u,v) on an open subset of R? x R2.



Returning to the Darboux theorem

the system:
Ot () = ff‘(x,u(m)), iel, C{1,...,n},
with the data prescribed near a point x € R" by:

UQ|E&:¢Q, C\f:l,...,m7

where
e = C{zx|x; = foralli € I}
e . is a given C'l-function on =,

o f& are given Cl-functions on open 2 x YT, where z € Q C R” and
o(x) € T CR™,

Under appropriate integrability conditions

has a unique local C'1-solution near z.



Example (data): for the system

aﬂ?u — f(x7 Y, u, U)
aCUU — g(at,y,u,v)
v = h(a?,y,u,fv)

we prescribe data near (z, y):

u(z,y) = ¢(y), v(z,y) =1,

where ¢(y) is an arbitrary C'1-function of one variable, 1 is a constant.



Example (integrability conditions):

Uy — f(ac,y,u,v)
Vr — g(CC,y,’LL,’U)

Uy — h(LU, Y, u, U)

Equality of partials v;y = vy, imposes a condition on f, g, h:

gy‘|‘guuy+gv’0y:hx+huux+ hy ve

|} substitute uz, uy, vz, and vy from the system. ..
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Example (integrability conditions):

Uy — f(xayauav)
,UCU:g(xaya'U) gu:o
’Uy — h(af;,y,u,v)

Equality of partials v;y = vy, imposes a condition on f, g, h:

gy+guuy+ gv Vy — hy + hyur + hyve

| substitute u;, vz, and vy from the system:

gy+ gvh:hx‘l‘huf"‘ hvg
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The Darboux theorem implies that a system:

Uy — f(w,y,u,v)
vz = g(x,y,v) gu =0
”Uy — h(a:',y,u,v)

with the data
uw(z,y) = o(y), v(x,y) =1,

where ¢(y) is an arbitrary C'1-function of one variable, ¢ is a constant and
f, g, h are C'1-functions such that the equality

gy‘|‘ gvh:hx‘l‘huf"‘ hvg

is identically satisfied in a neighborhood of a point (Z, 7, ¢(7), ¢) € R? x R2,

has a unique C'1-solution near (Z, 7).
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The Darboux theorem (Théoréme Ill)

A system:
Or;ua(x) = fzo‘(:c,u(ac)), i€ ln CH{1,...,n},
with the data prescribed near a point x € R™ by:
Ual=, = ¢a, a=1,...,m, where
o = CH{x|z; =z foralli € In} and Na=q = .
e ¢ is an arbitrary C'1-function on =,

o [*(x,u)are C'1-functions on an open ngbhd. of (Z, ¢(Z)) € R*T™ s t.:

Vo and Vi, j € Iy, such that ¢ # j:

1.\VB8 €{1,...,m},ifi & Igthen 8uﬁfj<)‘zo

2. | O, 9 +5-Zz (8us ) £ = 8s, 82 +/3-Zz Ougf 1}
el -J<ip

has a unique local C'1-solution near z.
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Particular cases

Oz, ua(x) = ff‘(a:,u(a:)), i€l C{1,...,n},

e if, for all o, |Io| = 1 then the system is determined.
(Darboux’s Théoreme )

e if, for all o, |Io| = n then the system is Frobenius
(Darboux’s Théoreme II)

14



Outline of Darboux’s proof

Or;ua(x) = ff‘(:c,u(ac)), i€l C{1,...,n},

e Darboux’s Théoreme | (|| = 1 for all ) is proved via Picard iterations.
e Darboux’s Theoreme lll (| 1] is arbitrary)

Darboux wrote out a proof only for n = 2 and n = 3:

“Pour établier cette importante proposition, sans employer un trop grand Iluxe de
notations, nous nous bornerons au cas de deux et de trois variables indépendantes, qui
suffira d’ailleurs pour les applications que nous avons en vue”,

— for n = 2, the proof uses Théoreme I.

— for n = 3, Darboux identifies sub-systems that can be treated by
Théoreme | or by n = 2 case. These sub-systems are solved in a
“right” order so that the solution of one sub-system provides initial data
to the next.

This suggests a proof by induction.
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Extending Darboux’s argument to an inductive proof for an arbitrary number of
independent variables turned out to be non-trivial:

Benfield, Jenssen, and IK, "On two theorems of Darboux” (2017) preprint, 27 pp
https://arxiv.org/abs/1709.07473

This inductive argument does not work for a generalization we were interested
in.

We realized that a direct proof of a more general version of the theorem can be
given.

16


https://arxiv.org/abs/1709.07473

Generalization of Theoreme llI

Our theorem generalizes Darboux’s in two ways:

() Instead of partial derivatives, the directional derivatives of the unknown
functions are prescribed along C1-vector fields comprising a local frame
{r1,...,rn} near x:

ri(ua)‘x = f®(z,u(z)) foreachie I, C {1,...,n},.

(Io may vary with «.)

(i) The prescribed data ¢, for unknown u, may be given along an arbitrary
(n — |I|)-dimensional manifold through the point x, transversal to the
vector fields {r; |i € I,}.

17



Example of a generalized Darboux system:

e sysiem:
ri(u) = f(z,9,u,v)
ri(v) = g(z,y,u,v)
(v) = h(z,y,u,v)

o rlza%—l—xa%and

e non-commutative frame on R2\{(z, y)|zy = 1}:

o o
riro] = o~y =clory e
[r1, 1] s 12 1212,
where ¢l = vty? and 2, = _yFa?
12 7 11—y 127 1—=ay

e =1 = {(arctan(y),y)|—1 <z < 1l}and =, = (0,0)

e u|=, = u(arctan(y),y) = ¢(y) and v|=, = v(0,0) = 7.

e Does a solution in a neighborhood of (0, 0) exist? Unique?
18



rl(“) — f(w,y,u,v)
ri1(v) = g(z,y,u,v)
ro(v) = h(z,y,u,v)

0 0 0

ry

Y oy ox

ul=,= u(arctan(y),y) = ¢(y)
’U|52= ’U(O, O) — ¢

+z—andro = y— +

19



Integrability conditions in the case of non-commuting
derivations:

The derivatives, prescribed by the system must be consistent with the structure
equations of the frame:

n
k
[I‘i,I'j] = Z Cz'jrk'
k=1

In other words, we substitute the derivatives r;(uq) prescribed by the system
into

ri(rj(ua)> — I‘j (rz(ua)> = Zn: cfjrk(ua) (*)
k=1
and require that:

1. No unprescribed derivatives of u,, are present in (*).

2. Equality (*) holds as an identity near (z, ¢(z)) € R™ x R™.

20



Integrability conditions in details:

(5 (ua)) — 1y (riCua)) = 3 chirp(ua) ()
k=1

Vo and Vi, j € I, such that ¢ # j:

1. No unprescribed derivatives of u,, are presentin (*):

VB €{1,...,m},if ¢ ¢ Igthen Oug fi' =0

if k ¢ I, then cfj =

2. Equality (*) holds as an identity near (z,u) € R™ x R™:

Da?f]a(:cv U) Iy

Y O u) ()
ﬁ:’iEIﬁ

—Daff(m,u) x| = > Ougffe,w)f) (wu) = Y (@) fiz,w).

BZjEIﬁ kela

24
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Geometric Stable Configuration Condition (SCC) is the condition
on the relative position of the frame vector fields and the data manifolds.

e SCC is sufficient for proving the existence via Picard iteration scheme as
described above.

e SCC is necessary and sufficient for the uniqueness.

e SCC is automatically satisfied in the original Darboux setting.

e SCC plays role even for determined systems with standard partial
derivatives.

22



SCC-examples for determined systems

Ozu = f(z,y,u,v)
Oyv = h(z,y,u,v).
Data manifolds are one dimensional:

e —, Is transversal to 0, (never has a horizontal tangent) and so can be
parametrized by y.

e =, Is transversal to 0y (never has a vertical tangent) and so can be
parametrized by x.

e =1N=>=1(0,0)

ul=z; = ¢(y) and v|=, = ¥ ().
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The original Darboux setting :

[1]
e

S

(1]
N

ul=; = u(0,y) = ¢(y) and v|=, = v(x,0) = ¥ ().

24



More general data manifolds:

afl?u — f(x7 Y, u, ?J)
Oyv = h(z,y,u,v).

ul=z, = u(ay,y) = ¢(y), a>0
vl=, = v(z,bx) = ¢P(z), b>O0.

ab < 1 ab > 1

Stable configuration Non-stable configuration
25



Issues with the non-stable case even for simple examples

aﬁl?u — f(CB, Y, u, U)
Oyv = h(x,y,u,v).

ul=, = u(ay,y) = ¢(y), a>0
vz, = v(z,bz) =¢(z), b>0,
ab > 1

e Proving local existence by Picard iterations (integral curves “run out” of the
domain of the definition of the iterates).

e Strong non-uniqueness example: vy = v, vy = u (uzy = u).

u|51 — 0 and ’U|E2 = 0.
v = u = 0 is a solution and 3 a C!-solution, such that « has strictly
positive values everywhere in an open wedge between =1 and =5!

Jenssen and IK. A mixed boundary value problem for ug, = f(x,y,u, ug, uy). (2019)
26



The Generalized Darboux theorem

A system:

ri(ua))x — fz-o‘(x,u(a?)), iel, C{1,...,n},
with the data prescribed near a fixed point x € R™ by:

UQ|Ea — gba, o — 1, N 1D Where

e ri,...,rpis alocal C1-frame on an open 2 O Z, with uniformly bounded
structure coefficients cfj.

e =, C R"is an (n — |I4|)-dimensional manifold through z, transversal to
{r1,...,rn},

e 1r's and =’s satisfy SCC,

e ¢ is an arbitrary C'1-function on =,

o f%(x,u) are Cl-functions on an open Q x T O (7, #(Z)), satisfying the

the integrability conditions stated above.

has a unique local C'1-solution near Z.
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Proof outline

1. Use Picard-type argument to prove existence and uniqueness of the
solution u of the restricted system, which

e has the same equations and data as the original system

e each equation is required to hold only for x on a certain, in general
lower dimensional, submanifold of R™, containing .
Integrability conditions are not used for this part!

2. Prove that u is, in fact, a solution of the original system by:
e introducing functions:

AY(2) = ()]s — [P i), 1<a<m,i€lq

e using integrability conditions of the original system to show that
functions A$*(x) satisfy a linear homogeneous system of equations of

the “restricted type” covered by part 1.
e observing that A$*(x) = O is a unique solution of such system.

28



More details on the “restricted system”

1. Let Wl(x): R x R® — R™ denote the flow of r;:

d
@Wf(ﬂf) el )

Wi(z)

2. For each «, choose an increasing order on the set of indices
I = {z‘l,...,ip(a)} and define a map p from an appropriate open
neighborhood of (0, z) in RP x = to a neighborhood 2 of z, by

_ t t t
p(t17t27 s 7tp7€) = Wi;)---Wi;Willf.

3. By shrinking the domain of p, we can insure that =72 = I'm(p) is an open
neighborhood of Z with local C'1-coordinates (€1, . .., &n—p, tiy, - - - t;,) and
hence

=k ={z e = |t 0,...,t; =0}

i1 P

are C'l-submanifolds of R™.
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4. For the restricted system, we require that foreacha = 1, ..., m, and each

rik(ua)’w = fé(w,u(w)) for xz € Eg.

5. If SCC conditions are satisfied , Picard-type argument implies that the fixed
point w of a contractive map:

t
Plula(a) = 6a(&) + [ £ (Whe, u(Wh)) db
+/ 2 (WEhwWite, u(W)w;te)) db

tp a b p 1 t1 b i tp—1

t1
Wie))db
is the unique solution of the restrlcted system with the data

ua|Ea — ¢Oé'

29



Motivation: Geometric study of systems of hyperbolic conservation laws

Ut"‘F(U):E = 0.

A sub-problem (the Jacobian Problem):

Given a local frame R = {rq,...,rn} on 2 C R", find all maps F': 2 — R"
such that R is the set of eigenvectors of the Jacobian matrix DF-.

1. Jenssen, H. K., and |.K., Conservation laws with prescribed eigencurves. J. of Hyperbolic
Differential Equations (JHDE) Vol. 7, No. 2., (2010), 211— 254.

2. Benfield M., Jenssen, H. K., and |.K., Jacobians with prescribed eigenvectors.Journal of
Differential Geometry and its Applications. Vol. 65, (2019), 108—146.
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Example: The Euler system for 1-dim. compressible flow

e Euler system in thermodynamic variables

vp—ury = 0
utr+pr = 0
S = 0.

1
P
p(v,S) > 0]is pressure as a given function, s.t | p, < O |.

v = = is volume per unit mass, u is velocity, S is entropy per unit mass,

o U+ F(U)y =0|,whereU = [v,u, S]? and F(U) = [—u, p(v, S), 0]~

e eigenvectors of [Dy; F] are:
T T
I']_:[].,v—pv,O] ,I'QZ[—pS, O7p’U]T7r3:[1a_\/_p’Uao]

e cigenvalues of [Dy f] are A\l = —/=py, A2 =0, A3 = /po.



Example: The Jacobian problem for the Euler frame.

Given:
e (v,u,S) are coordinate functions in R3.

e p(v,S)>0|s.t|-py <O

1 —pg 1
e vector fields r; = —py |, Trp= O |, r3=| —v/-py
0] | PV | ! 0 ]

Find: the set F(R) of all maps F': R3 — R3, such that R = {ry,ro,r3}is a
set of eigenvector-fields of the Jacobian matrix [ Dy F].

33



Answer:

‘1 (3), %0

F=c

eigenvalues: A\ = —c/=py + X,

—U

p(v, S)
0

+ A

v
Uu

S

_|_

al
a2
as

)\2

—U
p(v,S) | + trivial flux.
0
A3 = c/—po + .

o If (%3)@ = 0, then F(R) depends on 3 arbitrary functions of one variable.
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More examples for the Jacobian problem in R3 (coordinates

(u, v, w))
NN [ w | u |
(1) eriy=1|1}|, ro=|0]|, rz= 0
| u | _1_ | —w |

(integral curves: lines, parabolas, circles)

B u al B
F(U) =A|l v |+ | a2 |, )\,&1,&2,&3 c R,
i w | i a3z |

e we call such fluxes trivial fluxes: F(R) = F!V.

0)\1:)\22)\3:5\.
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(2)

(v
® I't — u , ro —
1

(”hype;boli_c spiral”:

rs3 —

R O O

on €2, where uv # O.

u=ucosht+vsinht,v =usinht +vcosht,w = w 4 t,

circles, lines)

o F(R)/F'is a 1-dimensional space

3 I -
F(U) = c |v3, u3, Z(u2 +v2)| +atrivialflux, ceR

AL =3cuv+ )\,

= —3cuv+ A, A3 =2
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(3) (the coordinate frame)

1 0 ] 0
ri=|0]|, ro=]1}|, r3=1]0
0 0 1

¢ R — R arbitrary

Y

= [¢'(w), $2(), $3(w)|"

F(R) is a co-dimensional space

M= (1) (), A2=(¢2) (), A*=(¢%) (w).

34



Thank you!
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