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"~ Group actions are ubiquitous in mathematics. They arise in

diverse areas of applications, from mechanics to computer
vision. A classical but central problem is to compute a

complete set of invariants.
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Definitions
Algebraic Group ¢
G C K' an algebraic variety G C K[\, ..., \] = the ideal of G
m: GxGg—gG and i G — 3
(A, 1) = Ax pu A= AT
AxAT=e exA=Axe= ]\
Ax 1 € K[\, ] and At e K[
Rational Action on Z = K"
GXxX Z— Z Ao (p-2z)=(Axp)-z
1A,z n(A,2 .
(A, 2) = Az = (%((A’Z;, ,%(&72))) ez =2

Orbitof z € Z: O, ={\-z| A € G}

Field of Rational Invariants K(z)®

)\ -
Rational invariant: ~ € K(2) PA-2) = M mod G
q g(A-z)  q(2)
Finiteness: K(2)° =K(r1,...,7:) C K(2)
Orbit separation: 2’ € O, & ri(z) =ri(7) for z € Z\ W
Examples
g K* Kx {—1,1} SO(2)
G | (MA—1) (A5 —1) AT+ —1)
Ax g (Aper, Aop)  (Ai4pen, Aapta) (A — Aopio, A pro+Aofi)
: (1.1) (0,1) (1,0)
)\_1 ()\27 )\1) (_)\17 )\2) <>\17 _)\2)
scaling transla’+reflec’ rotation
\- - )\121 21+ )\1 )\1 —>\2 21
)\122 )\QZQ )\2 )\1 <9
~ L7
vi =%
O.,P
K(z)¢ K (2) K (23) K (27 + 23)
O° ZQ — %Zl Z% — Z; 222 + le — (Z% + 22>
I° |7y =1, Zy—2 2y = Zy, Z5 — 2z T, Z7 — (2] + 2))
L & (1, z—f) ( 29, ::ZQ) (O, T Z% + ,Z%)

Construction of Rational Invariants
Graph of the action

O={(zz2)eZxZ|INeGst =\ 2}
Itsideal O = (G+(Z —X-2)) N K|z, 7]
(Z—=X-2)=(hZ;—¢g; |1 <i<n):h™
O° the extension of O to K(z)|Z].
Invariance

(2,2) e 0= (A-2,2)e O p(z,2) € O° = pA-2,72) € O

{The reduced Grobner basis of O° is contained in K(z)“[Z]. J
74 + Z da(\ - 2) Z°

=5 (@A 2) — aal2)) 2°

a

PROOF: Q 3 q(z
O°>qN-2,72) =
O°sqA-2,72)—q(z,7) =0

Generation
() reduced Grobner basis of O° {ry,..., .} its coefficients

[K(Z)G = K(rq,. .. ,r,{)J

Rewriting Algorithm i@

IN: Q, r= Pe K(z)“

OUT: R € K[z/l,...,y,i] st. r=R(ry,...,7%)

(), :=Q(ri —v); Y1,...,Y; new indeterminates
—0, Z aa(y) Z —0, D _baly) Z

e R:=17 st b (1) # 0 ;

Oé

KEY: ¢(z) p(Z)

p(2)q(Z) mod O = q(z)an(r) Z=p(z)ba(r) Z°

s\
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Replacement Invariants
Cross-section of degree d
a variety that intersects generic orbits in d simple points.

s = dimension of O° = dimension of generic orbits
P detines a cross-section P of degree d:

e P C K|Z| prime ideal of codimension s
o [ =

® dlmK

O°¢ + P radical and zero-dimensional

K(2)|2]/1° =

A generic affine space P=

(aﬂzl bZ,Z:1S) works

d is the degree of the generic orbits

Uin<n —

Rational Invariants 2
() a reduced Grobner basis ¢ {r, ...,

-
(r1,....1.} C K(2)°
5 = r:R(rl,...,r,{)wherer&QR
Replacement Invariants £ = (&;,...,&,)
Ifd=1then@ ={Z%, —r;(2),1 =1..n} so thatr i@ ri.e.

(21, .oy 2n) =11, ooy Th)
If d > 1then I¢ = I°NK(2)%[Z] = (Q) has d zeros over K(z) .

( —1(€), Vrek(x)C

r.} its coefficients
N

G

r € K(z) }

EaK(z) -zeroof I® = r(z)
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Isometries

V()
@ K(z, y0)¢ = K

Local action on curves = Prolonged action on jets

X
Yo

T
Yo

a

b

a —f3

el ex

J)+ (5

at+ 3 =1 =1

3612+ (o —
y_ Btoy ey Y- By +(a 5y51)y3
( 5%) (04—5?/0) 6(04—5 yo)
2 2 2
ys  (y3(1+yi) — 3y1y5)
K(z, Yo, Y1, Yo, ys)G = K ( 7
(1+yi)? Ys

y2
(1+y7)

ds* = (1+ y?) da? naturally arise in the replacement invariants

do
(£) _
3 (0, 0,0, d5>

Two curves are locally equivalent by isometries if they imply

The curvature o = 55 and infinitesimal arclength

g,

the same relationship between o and % This classical result

generalizes to other equivalence problems [Fels & Olver 99].

)

Increasing the effect of bas-relief

The following action is taken in account in architecture to

minimize the depth of bas relief without reducing their effect.

We apply our algebraic construction to compute the differential

invariant using the inductive strategy of [Kogan 03].

b /)\a:—,uy——oz\

(Y\: pwxr+Ay+p3 Nt =1
az+0b

\ 7

\ /

cz+d

Consider z = z(x, y)

Second and third order differential invariants:

fx:Oa ‘Sy:()a fz:Oa ‘Szlea fzyzla fzxy:O
§or = Ny — N2y fzyy = 1Nz, — Tz,

where 1., 7. 7. arethe second order differential
invariants of the sub-actionc=0,d =1

2 (z:%. — zz) 2oy — (2y + 22)° Zew — (2y — 22)° 2y

an — 3/9 )
V2 (2% +- zg) :
(zi — zi) (Zoz — Zyy) — 4 202y Zay
Nz = :
o V2 (2,2 + Zy2)3/2
2 (zj — z:%) 2oy — (2y — 22)” Zaw — (2o + 2,)” 2y
nzyy —

V2 (2,2 + zy2)3/2

and D, is an invariant derivation of this sub-action
D =

V2(22 4 22)120x V2(22 + 22)120y

-

.. = 2ms +2n., (1., — .,

Equivalence of Curves = Object Recognition) "
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The Bigger Project: Invariant Differential Systems)
A Problem in Differential Elimination: Equations for s?

3(¢xaz"‘§byy>+3x§bx+3y¢y+¢ =0
S(¢xm+¢yy)+5x¢x+sywy+w =0
¢x¢az—|—¢y¢y =0

Note: ranking on the derivatives breaks the symmetry
Idea : factor out the symmetry [Manstield 01]
Tool : moving frame construction [Fels-Olver 99]
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The symmetry group [Desolv]
o a Qo b
P P P P P P
S=35 &=2 ¢=21
0T 14 %
Fundamental invariants | Vessiot, Groebner]
wl — Sywx way P = ($7y78_17¢_ 17¢_ 1781’)
2811
Szs + SyWy — o5 sits
¢2 y S1 = A y)
2819 ’ ,
Sy — Say Sfﬂy<sy — 57) + sty(sm Syy)
¢1 — , S92 =
251 8557
by — SzPr + Sy, s “Syy T s ySzw — 2 82SySzy — 88 3‘1L
T 2510 T 8557

Invariant derivations

( ) ) ::\/s(sgtsg) (

§2 — 8
Algebra of Differential Invariants

0,
05

Sy

()

Non-commutation of the derivations: [ivb]
Syzygies of the fundamental invariants: laida]
( 51(81) — S159
2. 01(82) — 05(83) = 55+ 85+ 51 (89 + 53)
01(@2) — 0o(@1) = P1 83+ P2 S,
01 (¥2) = 09(101) = 1 53+ 1 s0.
Differential Rewriting of S laida]

in terms of Y = {81, 59, 83, le, ¢2, wl, wz} and A = {51, 52}2

0, (1) + 0o(h2) + &7 + @5 — a1 + (251 + s3)p2 + 1 = 0,
SY 51(%) + 52(%) + %b% T IDS — S9th1 + (2 S1 T 83)% +1 =0,
11 + P2y = 0.

Invariant Differential Elimination [diffalg]
Treat Z U SY in the differential polynomial ring with non
trivial commutation rules [Hubert 05].

Tips & Techniques
The cross-section is chosen so as sy, s9, s3 and 0, 0, depend
only on s and its derivatives.

To simplify the commutation rules we chose

\Slzgsy/2, 52:€S$y/‘£8y7 33:€Sm/68y — 51, ¢1:§¢xa wQ:&.@by’ ¢1:€¢x’ ¢2:€¢9J




