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Group actions are ubiquitous in mathematics. They arise in
diverse areas of applications, from mechanics to computer

vision. A classical but central problem is to compute a
complete set of invariants.

http://arxiv.org/abs/math.GM/0506574

Definitions
Algebraic Group G
G ⊂ Kl an algebraic variety G ⊂ K[λ1, . . . , λl] = the ideal of G

m : G × G → G
(λ, µ) 7→ λ ? µ

and i : G → G
λ 7→ λ−1

λ ? λ−1 = e e ? λ = λ ? e = λ

λ ? µ ∈ K[λ, µ] and λ−1 ∈ K[λ]

Rational Action on Z = Kn

G × Z → Z λ · (µ · z) = (λ ? µ) · z
(λ, z) 7→ λ · z =

(
g1(λ,z)
h(λ,z) , . . . ,

gn(λ,z)
h(λ,z)

)
e · z = z

Orbit of z ∈ Z : Oz = {λ · z | λ ∈ G}

Field of Rational Invariants K(z)G

Rational invariant:
p

q
∈ K(z)

p(λ · z)
q(λ · z)

=
p(z)

q(z)
mod G

Finiteness: K(z)G = K(r1, . . . , rκ) ⊂ K(z)

Orbit separation: z′ ∈ Oz ⇔ ri(z) = ri(z
′) for z ∈ Z \W

Examples

G K∗ K× {−1, 1} SO(2)

G (λ1 λ2 − 1) (λ2
2 − 1) (λ2

1 + λ2
2 − 1)

λ ? µ (λ1µ1, λ2µ2) (λ1+µ1, λ2µ2) (λ1µ1−λ2µ2, λ1µ2+λ2µ1)
e (1, 1) (0, 1) (1, 0)
λ−1 (λ2, λ1) (−λ1, λ2) (λ1,−λ2)

scaling translao+refleco rotation

λ · z
(
λ1z1

λ1z2

) (
z1 + λ1

λ2z2

) (
λ1 −λ2

λ2 λ1

)(
z1

z2

)

Oz,P
P1

P

P

K(z)G K
(
z1

z2

)
K
(
z2

2

)
K
(
z2

1 + z2
2

)
Oe Z2 − z2

z1
Z1 Z2

2 − z2
2 Z2

2 + Z2
1 − (z2

1 + z2
2)

Ie Z1 − 1, Z2 − z2

z1
Z1 − Z2, Z

2
2 − z2

2 Z2, Z
2
1 − (z2

1 + z2
2)

ξ (1, z2

z1
) (±z2, ±z2) (0, ±

√
z2

1 + z2
2)
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Construction of Rational Invariants
Graph of the action

O = {(z, z′) ∈ Z × Z | ∃λ ∈ G s.t. z′ = λ · z}

Its ideal O = (G + (Z − λ · z ) ) ∩ K[z, Z]
(Z − λ · z) = ( hZi − gi | 1 ≤ i ≤ n ) :h∞

Oe the extension of O to K(z)[Z].

Invariance
(z, z′) ∈ O ⇒ (λ · z, z′) ∈ O p(z, Z) ∈ Oe⇒ p(λ · z, Z) ∈ Oe

�

�

�

�The reduced Gröbner basis of Oe is contained in K(z)G[Z].

PROOF: Q 3 q(z, Z) = ZA +
∑
a

qa(z) Z
a

Oe 3 q(λ · z, Z) = ZA +
∑
a

qa(λ · z)Za

Oe 3 q(λ · z, Z)− q(z, Z) =
∑
a

(qa(λ · z)− qa(z))Za = 0

Generation
Q reduced Gröbner basis of Oe {r1, . . . , rκ} its coefficients'
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K(z)G = K(r1, . . . , rκ)

Rewriting Algorithm G−→Q

IN: Q, r =
p

q
∈ K(z)G

OUT: R ∈ K[y1, . . . , yκ] s.t. r = R (r1, . . . , rκ)

•Qy := Q(ri← yi); y1, . . . , yκ new indeterminates
• p(Z) −→∗Qy

∑
α

aα(y)Z
α q(Z) −→∗Qy

∑
α

bα(y)Z
α

•R := aα
bα

s.t. bα(r) 6= 0

KEY: q(z) p(Z) ≡ p(z)q(Z) mod O ⇒ q(z)aα(r)Z
α=p(z)bα(r)Z

α

Replacement Invariants
Cross-section of degree d

a variety that intersects generic orbits in d simple points.

s = dimension of Oe = dimension of generic orbits
P defines a cross-section P of degree d:
•P ⊂ K[Z] prime ideal of codimension s
• Ie = Oe + P radical and zero-dimensional
• dimK(z) K(z)[Z]/Ie = d

A generic affine space P =(ai1z1+. . .+ainzn − bi, i=1..s) works
d is the degree of the generic orbits

Rational Invariants 2
Q a reduced Gröbner basis Ie {r1, . . . , rκ} its coefficients'
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{r1, . . . , rκ} ⊂ K(z)G

r ∈ K(z)G ⇒ r = R(r1, . . . , rκ) where r
G−→Q R

Replacement Invariants ξ = (ξ1, . . . , ξn)

If d = 1 then Q = {Zi − ri(z), i = 1..n} so that r G−→Q r i.e.
r(z1, . . . , zn) = r(r1, . . . , rn)

If d > 1 then IG = Ie ∩ K(z)G[Z] = (Q) has d zeros over K(z)
G

.
�
�

�
�ξ a K(z)

G
-zero of IG ⇒ r(z) = r(ξ), ∀r ∈ K(z)G
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Equivalence of Curves ⇒ Object Recognition
Isometries

y

x (
X
Y0

)
=

(
α −β
εβ εα

)(
x
y0

)
+

(
a
b

)

α2 + β2 = 1, ε2 = 1

K(x, y0)
G = K

Local action on curves = Prolonged action on jets

Y1 =
β+αy1

ε(α−βy0)
, Y2 =

ε y2

(α−βy0)3
, Y3 =

3βy2
2+(α−βy1)y3

ε(α−β y0)5

K(x, y0, y1, y2, y3)
G = K

(
y2

2

(1 + y2
1)

3
,
(y3(1 + y2

1)− 3y1y
2
2)

2

y4
2

)

The curvature σ =
y2

2

(1+y2
1)

3/2 and infinitesimal arclength

ds2 = (1 + y2
1) dx2 naturally arise in the replacement invariants

ξ(±) =

(
0, 0, 0,±σ,±dσ

ds

)

Two curves are locally equivalent by isometries if they imply
the same relationship between σ and dσ

ds . This classical result
generalizes to other equivalence problems [Fels & Olver 99].

Increasing the effect of bas-relief
The following action is taken in account in architecture to
minimize the depth of bas relief without reducing their effect.
We apply our algebraic construction to compute the differential
invariant using the inductive strategy of [Kogan 03].XY

Z

 =


λx− µ y + α
µx + λ y + β

a z + b

c z + d

 λ2 + µ2 = 1

Consider z = z(x, y)

Second and third order differential invariants:

ξx = 0, ξy = 0, ξz = 0, ξzx = 1, ξzy = 1, ξzxy = 0
ξzxx = ηzxx − ηzxy, ξzyy = ηzyy − ηzxy

ξzxxy =D1(ηzxy) + 2ηzxxηzxy + 1
2η

2
zxy
− 2η2

zxx
+ 2ηzyy(ηzxx−ηzxy)

where ηzxx, ηzxy, ηzyy are the second order differential
invariants of the sub-action c = 0, d = 1

ηzxx =
2
(
z2
x − z2

y

)
zxy − (zy + zx)

2 zxx − (zy − zx)2 zyy
√

2
(
z2
x + z2

y

)3/2
,

ηzxy =

(
z2
y − z2

x

)
(zxx − zyy)− 4 zxzyzxy
√

2 (zx2 + zy2)3/2
,

ηzyy =
2
(
z2
y − z2

x

)
zxy − (zy − zx)2 zxx − (zx + zy)

2 zyy
√

2 (zx2 + zy2)3/2

and D1 is an invariant derivation of this sub-action

D1 =
zx − zy√

2(z2
x + z2

y)
1/2

∂

∂x
− zx + zy√

2(z2
x + z2

y)
1/2

∂

∂y
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The Bigger Project: Invariant Differential Systems
A Problem in Differential Elimination: Equations for s?

S


s (φxx + φyy) + sx φx + sy φy + φ = 0
s (ψxx + ψyy) + sxψx + sy ψy + ψ = 0

ψx φx + ψy φy = 0

Note: ranking on the derivatives breaks the symmetry
Idea : factor out the symmetry [Mansfield 01]
Tool : moving frame construction [Fels-Olver 99]

The symmetry group [Desolv]

X =
α

ρ
x− β

ρ
y +

a

ρ
Y =

α

ρ
x +

β

ρ
y +

b

ρ
S = s

ρ2τ Φ = φ
µ Ψ = ψ

ν

Fundamental invariants [Vessiot, Groebner]

ψ1 =
syψx − sxψy

2 s1ψ
, P = (x, y, s− 1, φ− 1, ψ − 1, sx)

ψ2 =
sxψx + syψy

2 s1ψ
, s2

1 =
s2
x+s

2
y

4 s ,

φ1 =
syφx − sxφy

2 s1 φ
, s2 =

sxy(s
2
y − s2

x) + sxsy(sxx − syy)
8 s s3

1

φ2 =
sxφx + syφy

2 s1 φ
, s3 =

s2
xsyy + s2

ysxx − 2 sxsysxy − 8 s s4
1

8 s s3
1

Invariant derivations(
δ1

δ2

)
=
±
√
s (s2

y + s2
x)

s2
x − s2

y

(
−sy sx
sx −sy

)(
∂
∂x
∂
∂y

)

Algebra of Differential Invariants
Non-commutation of the derivations: [ivb]

δ1δ2 − δ2δ1 = s3 δ1 + s2 δ2

Syzygies of the fundamental invariants: [aida]

Z


δ1(s1) = s1s2

δ1(s2)− δ2(s3) = s2
3 + s2

2 + s1 (s2 + s3)
δ1(φ2)− δ2(φ1) = φ1 s3 + φ2 s2,
δ1(ψ2)− δ2(ψ1) = ψ1 s3 + ψ2 s2.

Differential Rewriting of S [aida]
in terms of Y = {s1, s2, s3, φ1, φ2, ψ1, ψ2} and ∆ = {δ1, δ2}:

SG


δ1(φ1) + δ2(φ2) + φ2

1 + φ2
2 − s2φ1 + (2 s1 + s3)φ2 + 1 = 0,

δ1(ψ1) + δ2(ψ2) + ψ2
1 + ψ2

2 − s2ψ1 + (2 s1 + s3)ψ2 + 1 = 0,
φ1ψ1 + φ2ψ2 = 0.

Invariant Differential Elimination [diffalg]
Treat Z ∪ SG in the differential polynomial ring with non
trivial commutation rules [Hubert 05].

Tips & Techniques
The cross-section is chosen so as s1, s2, s3 and δ1, δ2 depend
only on s and its derivatives.
To simplify the commutation rules we chose
s1=ξsy/2, s2=ξsxy/ξsy, s3=ξsxx/ξsy − s1, ψ1=ξψx, ψ2=ξψy, φ1=ξφx, φ2=ξφy


